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A procedure to estimate the statistical errors in constrained molecular dynamics calculations of the 
solute-solute mean force potential is presented. The concept of statistical inefficiency is used to determine 
the decorrelation time for independent samples of the ion-solvent mean force. A compact expression is 
given for the computation of the statistical error in the mean force potential. The proposed methodology 
allows for a systematic analysis of the convergence of the simulation data. Results of its application to 
Na+ C 1 -  , CI--CI- and Na+ -Na+ ion pairs in water are reported. 

KEY WORDS: Constrained molecular dynamics, mean force, mean force potential, statistical inefficiency, 
statistical error 

INTRODUCTION 

The solute-solute mean force potential ( W ( r ) )  plays a central role in theoretical 
studies of both equilibrium and nonequilibrium properties of liquid solutions [ 1,2]. 
The calculation of W ( r )  by computer simulation techniques is of increasing interest. 
Ordinary simulations are not well suited for calculating W ( r )  because a homogeneous 
sampling at different solute-solute distances cannot be achieved. To overcome this 
problem, several specialized techniques have been developed. Umbrella sampling 
[3,4], thermodynamic perturbation [5,6] and thermodynamic integration [7] methods 
are based on statistical thermodynamic techniques. A completely different approach 
is provided by the constrained molecular dynamics (MD) technique [8]. This method 
is based on the calculation of the mean force acting on the solute particles due to the 
solvent molecules, while the solute particles are kept at fixed separations. W ( r )  is 
afterwards determined by numerical integration of the solute-solute mean force 

Constrained MD constitutes a conceptually simple route to W ( r ) .  Its implemen- 
tation in an ordinary MD program is straightforward. However, there is a widely 
extended opinion that it is numerically less reliable [9]. Contrary to this conventional 
belief, recent calculations have confirmed the reliability of the method and its com- 
putational feasibility [8, 10, 1 1 1 .  

In the present work, we develop a procedure that allows for a systematic analysis 
of the convergence of F(r )  and W ( r )  during a constrained MD calculation. This 

(F(r)).  
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procedure is applied to estimate the statistical errors in previously reported calcu- 
lations of W ( r )  for Na+-Cl-, C1- -C1- and Na+-Na+ ion pairs in water. 

METHODOLOGY 

Constrained M D  

We consider a system made up of two solute particles ( A ,  B)  and N solvent molecules. 
MD simulations are performed keeping the A B  separation fixed. To this end a 
constraint between the positions of the solute particles is added 

<(rA,  rBj = ( r ,  - r R ) >  - rz = O ( 1 )  
The force (AF(  I ;  rjj exerted by the solvent molecules along the solute-solute 

internuclear axis is computcd during the constrained simulations. AF( t ;  r )  can be 
expressed as 

where FAS(f; r )  and FuS(t; r )  are the total forces exerted by the solvent molecules 
on each of the two solute particles, m A  and mB are their respective masses, j i  = 
mAmu/ (m4  + mu) is the reduced mass and i is a unit vector along the A B  direction 

The solvent contribution to F ( r )  is calculated as the average of A F ( t ; r )  over the 
constrained M D  configurations. From Equation (2) and taking into account that 
( F d S ( t ;  r ) )  = - (FBS( t ;  r ) )  it follows that 

AF(r )  ( A F ( t ; r ) )  = ((FAS(f;r) - FBs(I;r)) F) (4) 
This expression coincides with the one proposed in reference [XI for computing the 
mean solvent force on the solute particles. 

If Fd(r) is the direct solute-solute force, the total mean force between the solute 
particles may be written as 

F(r )  = F,(r) + AF(r)  ( 5 )  
and W ( r )  can be calculated by integrating 

W(r)  = W ( r , )  ~ F ( r )  dr 
ro 

where W(r,) should be suitably chosen to obtain reliable W ( r )  values at long distances. 

Error Estimates 

We divide the sequence of MD steps corresponding to a given solute-solute separ- 
ation into nb blocks of time length 7*. We denote by ( A F ( t ; r ) ) ,  the mean value of 
AF(t ;  r )  calculated for each block. We define the variance of ( A F ( t ;  r ) ) b  as 

1 " b  

o-i(AF(r)) = ( ( A F ( t ; r ) } , ,  - AF(r))' 
nh b = l  

( 7 )  
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Following reference [ 121, we define the statistical inefficiency as 

where a2(AF(r) )  is the variance of AF(t ;  r )  resulting from the whole simulation run. 
s(r) gives the interval of time necessary to obtain statistically independent samples of 
the solvent mean force. The statistical error in the calculation of AF(r)  is then given 
by 

where z,,, is the total length of the MD run. Equation (9) allows us to obtain the 
statistical error in AF(r)  which is also the error in the solute-solute mean force for a 
given r value (see Equation (5)). Let us now turn to the calculation of the statistical 
error in the mean force potential. 

Let us assume that we use the composite trapezoide rule [13] to carry out the 
numerical integration in Equation (6).  Then 

where the interval between r and ro has been divided into n subintervals of width Ar 
and the discretized interionic separation is given by ri = ro - iAr. Equation (10) can 
be expressed as 

with 

If the F(r i )  forces are calculated from runs with independent initial configurations, 
i i ( r i )  are statistically independent variables and the statistical error in the mean force 
potential is given by [14] 

&&) = [ 
I = o  

If we further assume that the cAF(r) errors corresponding to different interionic 
separations may be approximated by their mean value, i.e., EAF(T,)  N idF, we get the 
compact expression 

which indicates that as r diminishes there is a systematic increase of ~ ~ ( r )  proportional 
to n'12. Equation (14) constitutes our algorithm for computing the statistical error in 
W k ) .  

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
4
0
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



204 E. GUARDIA, R. REY AND J. A. PADRO 

i 

I :  \ 
I 
I 

I 

I 

I 

I 

\ 
I \ 
I \ 
I \ 
I \ 
I \ 
I 
I 

I 

\ 

\ 
I \ 
I \ 
\ \ 

\ 
\ l i  \ 

\ 
\ \ 

-4 
1 2 3 5 6 7 8 

Figure 1 
cI--C:]- .  ____,  Na+ -Na+ 

Ion-ion mean force potentials as a function of the interionic separation. -, Na'-Cl- ; - - - . 

APPLICATION TO IONS IN WATER 

Description of the Systems 
The above procedure has been applied to estimate the statistical errors in previously 
reported constrained MD calculations of W(r)  for Na+ -C1-, Cl--CI- and Na+-Nai 
ion pairs in water at normal room temperature conditions [lo, 1 I]. The calculations 
were performed on systems made up of one ion pair and 125 water molecules. We 
assumed flexible water molecules according to the interaction model proposed by 
Toukan and Rahman [15]. The ion-water potential functions were modelled by a 
Coulomb plus a Lennard-Jones term. The Huggins-Mayer potential form was used 
for the ion-ion interactions. The potential functions and parameters used for ion-ion 
and ion-water interactions were the same as in reference 2161. The Ewald summation 
method [ 171 was used for computing the long-range forces. For each ion pair a series 
of simulations were performed to cover an interionic separation ranging from ro = 
7.6 8, to 2.4 A for Na+-CI-, and from r,, = 7.6 8, to 3.0 8, for C1- -C1- and Na+ - 
Na+ , with Ar = 0.2 A. The constraint on the ion-ion separation was imposed by the 
SHAKE technique f181. Figure 1 displays the obtained W(r)  potentials. More techni- 
cal details concerning their calculation together with a physical discussion of the 
results are given in the original papers [lo, 1 I] .  

Results and Discussion 

For each ion pair we have evaluated the statistical errors Ebp(r) for three different 
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r = 3.0 A 

r = 3.7 A 

r = 5.0 A 

Figure 2 Statistical inefficiency of AF(r)  for Na+ at different interionic separations. 
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Table 1 Statistical inefficiency and correlation time of the ion-solvent mean 
force. 

Na--Cl 3.0 
3.7 
5.0 

c1- - c1- 3.6 
5 4  
6 4  

Na+ -Na+ 3.8 
5.0 
6.0 

0.20 0.10 
0.25 0.10 
0.12 0.04 
0.14 0.07 
0 13 0 06 
0.15 0.06 
0.18 0.19 
0.22 0.13 
0.10 0.06 

interionic separations. The values of r considered are close to the positions of the 
minima and maxima of the corresponding W ( r )  (see Figure 1). In the case of C1- -CI 
we also considered r = 3.6 A which corresponds to a close contact ion pair configur- 
ation with an extremely low probability. In each case, s(r) was obtained from a 
constrained run of 150ps by applying Equation (8). Figure 2 shows the plots of 
s ~ c T ~ ( A . F ( ~ ) ) / u ( A F ( ~ ) )  against I/s, resulting for the Na+  -C1- ion pair. For all the 
considered systems, an asymptotic behaviour is observed which indicates that s(r)  is 
a well defined quantity. The estimated values of s(r) range between 0. I ps and 0.25 ps 
(see Table 1 ) .  They do not show any strong dependence on the ion pair neither on the 
interionic separation. The lowest values are obtained for the Cl--CI- ion pair, which 
may be related to the lower residence time of water molecules around the C1- ion [ I  11. 
The highest values correspond to the maximum of the Na+-Cl- and Na+ -Na+ mean 
force potential. This can be interpreted in terms of the relative unstability of these 
configurations. 

In early applications of the constrained MD method [8, 10, I I ] ,  the decorrelation 
time for independent samples of the ion-solvent mean force was determined from the 
force-force autocorrelation function 

where S A F ( f ;  r )  = A F ( f ;  r )  - AF(r) .  Figure 3 displays the C,,(t; r )  functions resuit- 
ing from the data generated during the constrained M D  runs for the Na’.-CI- ion 
pair. 

There is not a unique prescription to determine the decorrelation time from 
CA,(t;  r ) .  We have assumed that it is given by the correlation time 

TAb- = J‘ C&F(f; 1.) dt (16) 

The resulting T * ~ ’ S  are close to the position of the minimum of the corresponding 
C‘,,(t; r )  functions and underestimate the . (r)  values by a factor of approximately two 
(see Table 1). 

In order to monitor the convergence of the constrained MD technique, we have 
computed the cumulative average of AF(r;  r )  and its statistical error as a function of  
the length of the constrained simulations (see Figure 4). Accordingly with the reported 
values of s(r), the convergence is slightly faster in the case of the C1 -C1- ion pair. 
In general, there is an important diminution of the deviations with respect to the mean 
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Figure 3 Ion-solvent force autocorrelation function CaF(t; r)  for Na + -C1- at different interionic separations. 
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'%% Na+-Na+ r = 5.0 A 

-1, 1 
50 100 150 

7," / P S  

-23- 

-24- 

I) 

1 

Figure 4 Cumulative average and statistical error of A F ( f ;  r )  (in units of k ,  T/A)  as a function of the length 
of the simulation. Full line: (AF(f . r ) ) ,  AF(r)  + +(r),  AF(r )  - f A F ( r ) .  
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Table 2 Error estimates in the ion-solvent mean force in units of k ,  T/A. 

Ion pair Interionic distance 4 W r ) )  M r )  
r (4 

T,, = 30ps  Sops  ISOps T, = 3 0 p s  S O P S  150ps 

Na+-Cl- 3.0 
3.7 
5.0 

CI--CI- 3.6 
5.4 
6.4 

Na+-Na+ 3.8 
5.0 
6.0 

8.8 8.8 8.8 
10.3 10.3 10.6 
11.9 11.4 11.5 

9.0 9.1 9.1 
10.0 9.9 9.8 
9.7 10.0 9.9 

10.9 10.5 10.7 
11.4 11.5 11.5 
11.7 11.4 11.3 

0.72 0.44 0.32 
0.97 0.58 0.43 
0.73 0.44 0.32 

0.62 0.38 0.28 
0.64 0.40 0.29 
0.70 0.43 0.31 

0.81 0.50 0.36 
0.98 0.60 0.44 
0.65 0.40 0.29 

value AF(r)  as the simulation length exceeds - 50ps. A further prolongation of the 
runs does not result in a significant improvement of the statistics. Moreover, the 
variance a(AF(r) )  remains essentially constant for t,,, 2 10 ps. Then, the statistical 
error EAF(r) obtained from Equation (9) is proportional to l/tf,!i (see Table 2). For a 
given ion pair, the changes of cAF(r) with the interionic distance are very small. This 
justifies the approximation used to derive Equation (14). 

We have calculated EW(r) by using equation (14). For each ion pair, EAF has been 
taken as the arithmetic mean of the EAF(r) values reported in Table 2 for the different 
interionic separations. Figure 5 displays the obtained .c,(r) errors for Na+-Cl-, at 
different values of the simulation length. It is remarkable that the positions of the 
minima and maxima of W(r)  can be obtained even from short runs of 30ps. In 
accordance with the discussion of the convergence of AF(r) ,  the statistical errors in 
the mean force potential are only slightly reduced when the constrained M D  runs are 
extended from 80ps to 15Ops. The EW(r) errors for Cl--CI- are smaller than for the 
other ion pairs. For a given ion pair, the bigger errors correspond to the shorter 
distances, but EW(r) remain bounded for all the range of interionic separations. 

SUMMARY 

A method to evaluate the statistical errors in constrained M D  calculations of the 
solute-solute mean force potential has been proposed. In our opinion, the possibility 
of performing such a systematic analysis of the statistical errors constitutes a signifi- 
cant advantage of the constrained M D  technique in front of other methods for the 
calculation of W ( r )  by computer simulation. 

The proposed procedure has been applird to the Na+-Cl-, C1- - C I ~  and Na+ - 
Na' ion pairs in water. For all the analyzed cases, it has been obtained a decorrelation 
time which lies between 0.1 ps-0.25~s and it is approximately two times the ion- 
solvent force correlation time. We have not detected any significant influence of the 
ion-pair neither of the ionic distance on the convergence of the results. As a general 
rule, constrained runs of a minimum length of 50ps must be performed in order to 
obtain reliable mean force potentials. Although they have been obtained for specific 
systems, these conclusions can provide useful information for the calculation of W(r)  
for ionic species in water by constrained M D  techniques. 
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r,. = 80 ps 

._* 

Figure 5 
W ( r )  Dashed lines: W ( r )  + E,(r) and W ( r )  - E,(r). 

Statistical error in W ( r )  for Na+-CI- as a function of the length of the simulation. Full line 
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